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Abstract 
 
１ ． Background, problem statement and 
objective 
 
During the last few decades, many research 
groups have been performing research in order to 
understand the proper electro-physiological 
activity of cardiac tissue. In 1952, Hodgkin and 
Huxley proposed the first quantitative 
mathematical model in order to describe action 
potential propagation through very careful 
experimentation on squids (squid giant axon). 
Modifying Hodgkin and Huxley model in 1962, D. 
Noble established the first physiological model to 
identify the electrical activities of cardiac cells. 
Several ionic models (McAllister et al., 1975; 
Beeler and Reuter, 1977; Luo and Rudy-I, 1991; 
Luo and Rudy-II, 1994) have been developed to 
further understand the precise mechanism of 
cardiac electrical activity. The main challenges 
with such modeling are constructing the accurate 
shape of the action potentials and determining 
the characteristic properties of cardiac tissue in a 
particular model. 
 
However, ionic models are not largely suitable for 
finding those properties. Researchers often 
employ a two-variable partial differential 
equation model, known as FitzHugh-Nagumo 
(FHN) model. The FHN model is a simplified 
version of the Hodgkin and Huxley model, which 
traces the fast-slow dynamics of a spiking neuron. 
However, it is not suitable to explain the cardiac 
electrical activity. The simulation results of this 
model fail to give some qualitative properties of 
cardiac tissue, such as the proper shape of action 
potentials and alternans (i.e., oscillation of pulse 
widths) (Karma, 1993). The cardiac action 
potential is very different to that seen in neuron 
action potential. It has a prolonged plateau phase 
lasting around 300 milliseconds (ms) compared 
with 1 ms in nerves. 
 
Thus, we introduce a two-variable system of 
reaction-diffusion equations for excitable media. 
We modify the FHN equations without changing 
the slow manifold. However, we changed the 
velocity on each branch of the slow manifold by 
modifying the dynamics of the recovery variable. 
This improves the shape of the action potential to 
mimic the prolonged plateau phase of a cardiac 
action potential. It is known that the cardiac cell 
activities give rise to periodic traveling waves. 
Thus, the understanding of the instability of 
periodic traveling wave solutions (PTWs) of 
excitable media is important. A characteristic 
feature of diseased heart tissue is the 
spontaneous formation of spiral wave (i.e., 
ventricular tachycardia). However, the most 
dangerous type of cardiac arrhythmias is spiral 
breakup, which is known as ventricular 
fibrillation. The latter is the major cause of 
sudden cardiac deaths all over the world. 
Researchers are still not quite clear about the 
exact mechanism of spiral breakup. 
 
The objective of this work is threefold. First, we 
propose two different FHN-types reaction-
diffusion system to imitate the electrical 
activities of cardiac cell dynamics. Second, we 
study numerically the existence and stability of 
PTWs in the proposed two models together with 
the standard FHN model and Aliev-Panfilov 
model. Third, the dynamics of spiral wave 
instability and spiral breakup are explained 
based on the stability of the PTWs. 
 
2. Summary of the chapters and conclusion 
 
Chapter 1 concerns the background of the 
problem of interest from the framework of cardiac 
electrical activity. In Chapter 2, we first describe 
a brief introduction about the heart and heart 
physiology. Then, we describe the understanding 
of electrical impulses propagation in the heart 
cells. Finally, we explain the existing 
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mathematical models for the electrical activities 
of cardiac cell dynamics. Chapter 3 presents the 
methodology of the work in this thesis. In the 
computational work of this thesis, we used 
several numerical schemes and a continuation 
package, WAVETRAIN. For the one-dimensional 
computations, we used the method of lines and 
finite difference method with periodic boundary 
conditions in order to solve the reaction-diffusion 
system. In two dimensions, we used an 
alternating-direction implicit method with zero-
flux (Neumann) boundary conditions. In Chapter 
4, we study the existence and stability of PTWs 
numerically for the well-known FHN model, 
which is one of the typical excitable systems. It is 
well known that the FHN model equations have 
fast and slow traveling wave solutions. Our 
results indicate that the fast family of the PTWs 
having sufficiently large periods is always stable 
and the slow family is always unstable for the 
FHN equations. In two dimensions, we show 
some numerical results of spiral wave dynamics 
in several computational settings, similar to the 
study of the stability of the PTWs. 
  
In Chapter 5, we study the two-component Aliev-
Panfilov reaction-diffusion system of cardiac 
excitation. It is well known in the literature that 
the model exhibits spiral wave instability in two-
dimensional spatial domains. In order to describe 
the spiral wave instability, understanding of the 
periodic traveling wave instability resulting from 
the model is important. This work deals with the 
determination of the existence and stability of the 
PTWs in the Aliev-Panfilov model. We calculate 
the wave stability and the stability boundary in a 
two-dimensional parameter plane by the method 
continuation. A good agreement is found 
numerically between the traveling wave ODEs 
and the stability of the corresponding direct 
numerical simulations of the PDE system. In 
Chapter 6, we introduce a reaction-diffusion 
system for excitable media to mimic the cardiac 
cell activities. We investigate numerically the 
existence and stability of PTWs in a two-
dimensional parameter plane. Our results show 
that the Eckhaus instability occurs in the PTWs 
having both smaller and larger periods. However, 
the Hopf instability occurs only in the PTWs 
having smaller periods. The stability boundary 
becomes steeper in the parameter plane for 
smaller values of a parameter. As a result, the 
fast branch of the PTWs crosses the stability 
boundary. Moreover, we show alternans and 
spiral breakup in two dimensions in a one-
parameter family of solutions. In Chapter 7, we 
propose another modified FHN-type reaction-
diffusion system for a bistable excitable medium. 
Our objective is to find a stable and an oscillatory 
periodic pattern of solution in a one-parameter 
family of solution. The nullclines of the proposed 
model are similar to those of the standard FHN 
model.  
 
Conclusion 
 
In this study, we have introduced a two-variable 
system of reaction-diffusion equations for 
excitable media. We have investigated 
numerically the existence and stability of PTWs 
in a two-dimensional parameter plane for the 
proposed model. There are two different ways in 
which the PTWs change their stability: Eckhaus 
and Hopf. Our results based on the method of 
continuation showed both types of instability in 
our model. We have computed the wave stability 
and the stability boundary in a two-dimensional 
parameter plane. The fast family is stable in the 
case of standard FHN system. However, we 
observed that the fast family becomes unstable in 
our model. As a result, it bifurcates to an 
oscillatory wave. We explained this phenomenon 
by calculating the essential spectra of the PTWs 
numerically. 
  
In addition, this work also dealt with three other 
different models, such as the standard FHN 
model, the Aliev-Panfilov model and another 
proposed model. The latter one is for a bistable 
excitable system. We retained the same nullclines 
of the FHN model in this model by considering 
some basic assumptions of a smooth function. We 
have also studied the existence and stability of 
the PTWs in the model. We studied the wave 
stability for two types of smooth functions (i.e., 
non-monotone and monotone) so that we can slow 
down the movement of solutions on the right slow 
manifold.      
 
Furthermore, the determination of the 
mechanisms of spiral breakup in excitable media 
is still an open problem for researchers. The 
emergence of stable spiral pattern and alternans 
was observed in the considered model in our 
simulation results. We have calculated the widths 
of different spiral pulse numerically and observe 
that the stable spiral pattern bifurcates to an 
oscillatory wave pattern in a one-parameter 
family of solutions. The spiral breakup occurs far 
below the bifurcation when the maximum and the 
minimum excited states become more distinct, 
and hence the alternans becomes more 
pronounced.  
